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Abstract
Cylindrically reduced Einstein gravity can be regarded as an SL(2; R)=SO(2) sigma model coupled
to 2D dilaton gravity. By using the corresponding 2D diffeomorphism algebra of constraints and the
asymptotic behaviour of the Ernst equation we show that the theory can be mapped by a canonical
transformation into a set of free fields with a Minkowskian target space. We briefly discuss the
quantization in terms of these free-field variables, which is considerably simpler than in the other
approaches.
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Two Killing vector reductions of 4D Einstein equations are exactly integrable 2D models [1, 2, 3,
4, 5], and therefore offer an interesting arena to investigate the quantization of the gravitational field
















where x are the 2D coordinates, @=@a are the Killing vectors and det  = 1. The corresponding
Einstein equations can be derived from an action for a 2D dilaton gravity coupled to an SL(2; R)=SO(2)























Depending on the choice of the coordinates and the spatial topology one can describe cylindrical grav-
itational waves (x = (t; r); a = (z; )), axisymmetric stationary solutions (x = (z; r); a = (t; ))
or Gowdy cosmologies (x = (t; x); a = (y; z) x; y; z 2 S1) where t is a time coordinate while
r; ; z are cylindrical coordinates and x; y; z are Cartesian coordinates.
The usual approach to study (2) is to work in the reduced phase space formalism (' = r gauge for







) = 0 : (3)
































is also a solution, provided that d~h = r

2
dh. This symmetry implies that d~s2 can have the asymptotic
behaviour of a flat metric in cylindrical coordinates, i.e. d~s2   dt2 + dr2 + r2d2 + dz2, which is
relevant for the case of cylindrical waves, which we are going to study in detail.
The aim of this letter is to show that there is a considerable advantage if one does not fix the gauge
completely, and consequently uses the special properties of the 2D diffeomorphism algebra of the
constraints. The special role of 2D diffeomorphisms has been already recognized in [8], although in
that work the reduced phase space formalism and an abelianized form of the constraints was used. In
this paper we employ the full constraint structure, which generalizes the technique used for the case











In that case it is possible to show that a canonical transformation exists which maps the constraints
into a free-field form. We will show that the same can be done in the case of two polarizations, so that
the theory is mapped into a theory of four free fields.
This looks as a surprising result, but there are general arguments which suggest that this is pos-
sible. The Poisson bracket algebra of the constraints for (2) is the 2D diffeomorphism algebra. This






























is the hamiltonian constraint and G
1
is the spatial diffeomorphism constraint. The prime
denotes differentiation with respect to the spatial coordinate (r in our case), i; j = 1; :::; n and 
ij
is a flat Minkowskian metric. The quadratic representations are not possible in higher dimensions,
since then the constraint algebra has structure functions which are not constant. The representation
(7) implies that Qi are free fields and since (2) is an integrable 2D theory one then expects to find a




) variables. This argument also
explains why it was possible to find free field canonical variables for many examples of integrable




































The general covariance of (2), or equivalently the background independence of (8), implies that the
theory is a conformally invariant field theory. In fact, the couplings G
ij
(X) and (X) satisfy the low-
est order -functions equations in the standard loop expansion for dilaton-gravity. Since in the abelian
case this conformal field theory is a free-field theory, one also expects that this will happen in the non-
abelian case. In the abelian case (6) the Ernst equation reduces to the cylindrical Laplace equation and
the theory can be explicitly solved. Furthermore, the asymptotic behaviour of the solutions allows one
to show that the theory is equivalent to a theory of three free fields with a Minkowskian target-space.
Although the Ernst equation cannot be explicitly solved in the general case, the asymptotic behaviour
of the solutions in the weak coupling regime '!1 is enough to show that the underlying conformal
field theory is still described by a set of free fields.





































































































































































































































= 0 : (18)


















































































The main difference with respect to the abelian case (h = 0) is that the equations (13) and (14) for
the fields f and h can not be solved explicitely. However, for our purposes it is sufficient to know the
asymptotic behaviour of the solutions and this can be found without solving the equations.
If we perform a change of variables fp' = ~F ; hp' = ~H where ~F ; ~H and their derivatives are
bounded in the limit '!1 and A (x+) and B (x ) are monotonic increasing (decreasing) functions

























= 0 : (22)










, where F and H are bounded
free fields with bounded derivatives. In the abelian case this is explicitly realized because the exact












































































































F; ::: are also bounded. By











































































































the constraints take the form (7).
We can also find the exact expressions for the free fields F and H in terms of the initial variables.












































































































= 0 : (32)
Thus we have divided P
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These two equations can serve as the defining relations for the free fields F and H in terms of the
initial variables.
Therefore we have constructed a transformation leading to constraints quadratic in chiral vari-
ables and this implies that the transformation is canonical [10], since there is no other expression for





; F and H . Alternatively, one can examine the symplectic form on the space of




























where  stands for the exterior derivative on the space of solutions and j is the symplectic current
potential [12]. The coefficients of one half in (34) come from the reflecting boundary conditions at



















































































































and dots represent the t derivatives.
Note that the defining relations for the free fields (26) and (33) are also valid in the case when r
is compact, and therefore one can have free fields in the case of Gowdy cosmologies. In that case the
corresponding free-field theory is a string theory in 4D Minkowski space.
Since the cylindrically symmetric gravity can be mapped into a set of four free fields with a
Minkowskian target space, the quantization in terms of the free-field variables is considerably simpler
than if one uses the observables obtained from the Ernst equation [3], since the later lead to a non-
linear Yangian algebra. A less straightforward task will be finding the expectation values of the
original variables, since they become complicated functionals of the free fields. The problem of
expressing the original variables in terms of the observables is in general a complicated problem.





































are functions of F and H , which can be determined from (33). In this way one




in terms of the lower order ones, which can








= FH , and so on. When H = 0, one
recovers in this way the asymptotic expansion of the Bessel function, which is the exact solution in
the Abelian case. Hence the relations (38) and (39) can serve as explicit expressions for f and h in
terms of the free fields F and H . Note that the asymptotic flatness of the dual metric given by (5)
requires that f ! 0 and ~h! 0 for r !1. Since asymptotically @

~
h  rdh and h  Hp
r
, we then
obtain that H = O(r), where  <  1=2. Note that this asymptotic behaviour for H corresponds to
square integrable functions on the r line. This is relevant for the quantum case, since this asymptotics
gives the Fock space representations.
Note that in the free-field approach the quantum constraints generate a 2D conformal algebra with
a central charge c = 4, if the standard quantization of a conformal field theory is used. Consistent
quantization can be then achieved via the introduction of ghost fields and background charges in
order to have vanishing of the total central charge. Alternatively, if the theory is quantized in the
Schrodinger representation, the value of the central charge is c = 2, because the scalar field with
negative kinetic energy contributes with c =  1 to the Virasoro anomaly[11]. In order to have
a consistent Dirac quantization one has to modify the quantum constraints in such a way that the
anomaly cancels. The addition to the constraints of a term depending on the pure 2D dilaton gravity

























form the constraint algebra without the anomaly [11]. The modified constraints can be solved in terms







































(k) constitute a complete set of observables, so it would be
interesting to see how they are related to the observables obtained from the Ernst equation. Note that
one can construct an SL(2; R) affine algebra from the Ernst equation observables, and this algebra





(k) via the Wakimoto construction [15]. This algebra will be also a
dynamical symmetry algebra. How these two algebras are related would be an interesting problem
for further study.
We expect that our results can be extended to the case of an arbitrary coset space sigma model
coupled to 2D dilaton gravity.
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